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Optimization of the nanolens consisting of coupled metal nanoparticles:
An analytical approach
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Using a simple and intuitive analytical approach, we perform optimization of a nanolens composed
of coupled metal nanoparticles capable of subwavelength focusing of light inside the narrow gap
separating the particles. Specifically, we optimize the structure of two nanospheres of different sizes
to achieve maximum field enhancement at an off-center position in the gap. We demonstrate that the
nanolens of two or more spheres acts simultaneously as an efficient antenna with large dipole and
an efficient cavity with small effective volume. © 2011 American Institute of Physics.
doi:10.1063/1.3581886
The phenomenon of strong electric field induced by the
surface plasmons SPs has already found important practical
applications in improving sensitivity of Raman or fluores-
cence measurements1,2 with progress being made toward
other promising applications.3,4 It is also well understood
that a single metal nanoparticle having a simple smooth
shape sphere, ellipsoid, or nanorod usually provides the
electric field enhancement no larger than a Q-factor of the
metal,5,6 which is less than a factor of 10–20 for gold in the
visible and near IR. Yet a far more significant enhancement
can occur in the intricately structured ensembles of nanopar-
ticles where the field gradually couples from the larger par-
ticles serving as antennae into the smaller regions acting as
field-concentrating “hot spots.”7–11 Analysis of the complex
nanostructures typically involves complex and time consum-
ing numerical procedures7,8,12 in which the actual physics of
enhancement tends to be obscured. Recently we have devel-
oped an analytical model for complex metal nanostructures
based on eigenmode coupling, which adequately and trans-
parently explains the origin of the enhancement and allows
fast optimization.13 In this letter, we demonstrate the versa-
tility and convenience of our model by performing optimiza-
tion of a nanolens structure8 in which the large metal sphere
acts as an antenna, allowing the efficient in-coupling of ex-
ternal excitation into the system, where energy gets subse-
quently transferred into the small sphere acting as a resona-
tor.
It has been established that a single metal nanosphere
with a radius of a supports multiple-order SP modes, each
with its own resonance frequency l=pl / l+ l+1D,
where the mode index l=1,2 , . . . , and p is the metal plas-
mon frequency.14 It ranges from 1=1.967 eV to 
=2.261 eV for Au nanosphere embedded in GaN D=5.8.
Energy in the lth mode Ul
i is confined in the effective mode
volume Vef f ,l=4a3 / l+12D,13,15 which is always some-
what less than the volume of the nanosphere itself and de-
creases rapidly for higher order modes. The surface charge
distributions associated with the SP modes are such that the
dipole moment vanishes for all higher order modes l2,
except the l=1 mode. This dipole mode is the only one that
couples to the external fields for as long as the nanosphere
diameter is much smaller than the wavelength while all
higher order modes remain uncoupled to external radiation
modes. As a result, this dipole mode decays radiatively at a
rate proportional to the sphere volume, rad= 2 /3D	3,13
where 	= 2a /
D is the metal sphere radius normalized to
the wavelength 
D in the dielectric corresponding to the ex-
citation frequency . At the same time, all the modes also
experience nonradiative decay due to the imaginary part of
the metal dielectric function at roughly the same rate equal to
the scattering rate in the metal, nrad,l.
We shall evaluate the field enhancement by comparing to
the electric field Efoc in the focal spot of a Gaussian beam in
the absence of metal as shown in Fig. 1a. In case of the
Gaussian beam being tightly focused onto a diffraction lim-
ited spot of radius w=
D /a, Efoc is related to the incident
power s+2= D /Z0w /22Efoc2 , where Z0 is the imped-
ance of free space.16–18 With coupled metal spheres placed at
the focal spot, the incident light gets coupled into the dipole
modes l=1 of both spheres with an in-coupling coefficient
ina /23rad /2.16–18 Figure 1b illustrates the flow of
aElectronic mail: greg.sun@umb.edu.
FIG. 1. Color online Illustration of a two coupled metal nanospheres
placed at the apex of a focused Gaussian beam with a numerical aperture
characterized by the far-field half angle a, and b the in-coupling of optical
excitation into the dipole mode of the large sphere 1 and their subsequent
coupling into all SP modes of the smaller sphere 2.
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energy in the nanolens. External excitation couples into the
structure primarily via the dipole mode of the large sphere 1,
which acts as an antenna because of its large dipole moment.
This energy is subsequently transferred to all modes of the
small sphere 2 acting as resonators because of their small
effective mode volumes. This sequence can be described by
a set of rate equations for the mode amplitudes Al
i
=Uli of
sphere i for its dipole l=1 and higher orders l2 modes
separately as,
dA1i
dt
= j1 − A1i −
1
2
rad
i + A1
i
−
1
2
radi radj A1j
− j	
l=1

1i1l
ijAl
j + in
is+
dAl
i
dt
= jl − Ali − j1l1ljiA1j −

2
Al
i
, l 2, 1
where 1l=1l. Included in Eq. 1 are the usual detuning
and decay terms for all SP modes, augmented by the
super-radiance term 1 /2
rad
i 
rad
j A1
j that accounts for
the coherent character of emission by two dipoles, as
well as the coupling between the SP modes of the
two spheres described by the coupling coefficient
1l
ij
= l+1 /2ai /r03/2aj /r0l+1/2.13
From steady-state solution of Eq. 1, the field enhance-
ment at a location in the gap of two coupled spheres Fig.
1b relative to the field in the focal spot Efoc in the absence
of the metal spheres can be obtained as13
F = 
Er1
Efoc

 = 2M22  m22 − m12a1r1 
3
1
+
1
4
a2r1
3
r0
2
r2
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l=2

1ll + 12
l −  + j

2
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31 + 14 a1r2
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l=2

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
2
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l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where the elements in the 22 matrix M22 are obtained
from the coefficients in Eq. 1
m11 = j − 1 + 	
l=2

1l
2 1l
122
j − l +

2
+
1
2
1
1
,
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1
2
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a2
r0
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3
,
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
2
+
1
2
1
2
. 3
Note the presence of different phases contained in M22
that appears the denominator of Eq. 2—this is the direct
consequence of delay associated with the energy transfer
from one nanoparticle to another, i.e., the retardation effect.
The field enhancement calculated using Eq. 2 at an
off-center location, r2−a2=0.5 nm from the surface of
sphere 2 in the 5 nm gap is shown in Fig. 2, when excited at
the frequency in resonance with the dipole mode =1. It
can be seen that the strongest enhancement is obtained for
the two spheres of significantly different dimensions a1
=26.6 nm, a2=2.4 nm, allowing energy to be coupled in
through the large antenna sphere 1 and then transferred to
the small resonator sphere 2 around which the spot of in-
terest is located. The position-dependence of the enhance-
ment along the 5 nm gap for the same two spheres inset of
Fig. 2 clearly demonstrates that the field is indeed concen-
trated near the smaller sphere 2 and reaches maximum at its
edge.
A full picture of the optimization space can be seen in
Fig. 3a, which shows optimized enhancement at the fixed
location of 0.5 nm from sphere 2 as the gap varies from 1 to
30 nm, along with the optimal sphere sizes a1 ,a2. It can be
seen that better enhancement is obtained at smaller gaps,
where the coupling between the two spheres is stronger. It is
elucidating to see which mode contributes the most to the
enhancement, hence in the inset of Fig. 3a the ratio of
mode energies of sphere 2 to that of the dipole mode of
sphere 1, Ul
2 /U1
1 is plotted for four lowest modes, l
=1, . . . ,4. The mode energy decreases by roughly two orders
of magnitude from one mode to the next while the effective
volume of the next mode is only a few times smaller, there-
fore peak fields of higher order modes l2 are much
weaker than the peak field of the dipole mode l=1, and for
all practical purposes one can adequately estimate the en-
hancement using just a two-dipole-mode model. Even
though the energy in the dipole mode of the smaller sphere
U1
2 is only a few percent of the dipole mode energy in the
larger sphere U1
1
, that energy is contained in a much smaller
volume, hence the peak field associated with sphere 2 still
exceeds that of sphere 1 by a considerable factor
E
max,1
2 /E
max,1
1
= a1 /a23/2U1
2 /U1
11/210. A rather simple
analytic expression for the field enhancement at the edge of
sphere 2, r2=a2, is obtained by ignoring all the higher order
modes as well as the dipole mode of sphere 1 as Fmax
2Q1+4Q2a1 /r061/222Q2a1 /r03, where the
FIG. 2. Color online Field enhancement obtained at the frequency of di-
pole mode, =1, at the location of 0.5 nm from sphere 2 vs the sphere
radii a1 and a2 that are separated by a 5 nm gap. Inset: the position-
dependence of field enhancement from the edge of sphere 1 to sphere 2 at
optimized sphere radii a1=26.6 nm, a2=2.4 nm.
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Q-factor Q= / 10 for Au. In the limit of zero gap and
the “extreme” nanolens with a1a2, r0a1, and Fmax
22Q2300. This is obviously an overestimate but can be
used conveniently as an upper limit of the nanolens enhance-
ment. In comparison to the field enhancement by a single
sphere that is proportional to Q, we now have an additional
Q-factor for two coupled spheres.
Let us now consider the physical reason for this addi-
tional enhancement because revealing this reason may facili-
tate the design of even more complex structures. As we have
noted in our prior letter,13 the optimal SP structure should on
one hand, offer efficient confinement i.e., should have small
effective mode volume, and on the other hand, be efficiently
coupled to the free space i.e., should have large radiative
decay rate. Obviously with a single nanoparticle these two
demands are irreconcilable but with two and more nanopar-
ticles these demands can be met simultaneously. Given the
fact that practically all the energy is contained in the two
dipole modes, we can introduce the effective radiative decay
rate of the nanolens as
rad
Lens
=
rad1 A11 + rad2 A122
A1
12 + A1
22
4
and the effective volume as
Vef f
Lens
=
Emax,1
1 2Vef f ,1
1 + Emax,1
2 2Vef f ,1
2
Emax2
, 5
where Emax is the maximum field at the edge of sphere 2
inset of Fig. 2. Both of these effective parameters are plot-
ted in Fig. 3b as functions of gap for the optimized sphere
radii a1 and a2 shown in Fig. 3a. Clearly, the “best of both
worlds” scenario has been achieved as the effective volume
Vef f
Lens of the nanolens system remains many times smaller
than the volume of larger sphere while the radiative decay
rate rad
Lens is nearly identical to that of the large sphere inset
of Fig. 3b. In other words the effective volume of nanolens
is determined by the smaller sphere acting as a resonator
while the effective coupling by the larger sphere acting as an
antenna—in this wider design space stronger enhancement
can be attained. Further expansion of the design space with
more particles should lead to even larger enhancement as had
been demonstrated with larger complexes of nanoparticles.10
In conclusion, a simple and effective analytical model
has been applied to the task of optimizing a nanolens system
composed of two closely spaced metal nanoparticles. The
results reveal that the system generally favors two unequal
spheres, where the larger one acting as an antenna for the
effective in-coupling of external fields is coupled to the
smaller one that behaves as a resonator for energy confine-
ment. The analytical approach revealing the physics behind
the enhancement of fields in the nanostructures, and being
fast and efficient, is well suited for optimization of complex
metal nanostructures.
1M. Moskovits, Rev. Mod. Phys. 57, 783 1985.
2S. Nie and S. R. Emory, Science 275, 1102 1997.
3S. Pillai, K. R. Catchpole, T. Trupke, and M. A. Green, J. Appl. Phys. 101,
093105 2007.
4S. C. Lee, S. Krishna, and S. R. J. Brueck, Opt. Express 17, 23160 2009.
5J. B. Khurgin and G. Sun, Appl. Phys. Lett. 94, 191106 2009.
6G. Sun, J. B. Khurgin, and R. A. Soref, Appl. Phys. Lett. 94, 101103
2009.
7Y. Zou, P. Steinvurzel, T. Yang, and K. B. Crozier, Appl. Phys. Lett. 94,
171107 2009.
8K. Li, M. I. Stockman, and D. J. Bergman, Phys. Rev. Lett. 91, 227402
2003.
9K. Kneipp and H. Kneipp, Surface Enhanced Raman Scattering: Physics
and Applications, Topics in Applied Physics Vol. 103, edited by K.
Kneipp, M. Moskovits, and H. Kneipp Springer, Berlin Heidelberg,
2006, p. 183.
10J. Kneipp, X. Li, M. Sherwood, U. Panne, H. Kneipp, M. I. Stockman, and
K. Kneipp, Anal. Chem. 80, 4247 2008.
11V. M. Shalaev, Nonlinear Optics of Random Media: Fractal Composites
and Metal-Dielectric Films, Springer Tracts in Modern Physics Vol. 158
Springer, Berlin, Heidelberg, 2000.
12F. J. G. de Abajo, J. Phys. Chem. C 112, 17983 2008.
13G. Sun and J. B. Khurgin, Appl. Phys. Lett. 97, 263110 2010.
14G. Sun, J. B. Khurgin, and C. C. Yang, Appl. Phys. Lett. 95, 171103
2009.
15S. A. Maier, Opt. Express 14, 1957 2006.
16J. B. Khurgin and G. Sun, J. Opt. Soc. Am. B 26, B83 2009.
17J. B. Khurgin, G. Sun, and R. A. Soref, Appl. Phys. Lett. 94, 071103
2009.
18H. A. Haus, Waves and Fields in Optoelectronics, 1st ed. Prentice-Hall,
Englewood Cliffs, New Jersey, 1984.
0 5 10 15 20 25 30
20
30
40
50
Gap [nm]
F o
pt
0
10
20
30
40
0 5 10 15 20 25 3010
-10
10-8
10-6
10-4
10-2
100
l =4
l =3
l =2
U
l(
2)
/U
1(
1)
Gap [nm]
l =1
a2
R
ad
iu
s
[n
m
]
Fopt
a1
(a)
0 5 10 15 20 25 30
0.0
5.0x103
1.0x104
1.5x104
2.0x104
2.5x104
(b) (lens)
(1)
0 5 10 15 20 25 30
0.00
0.05
0.10
0.15
0.20
(lens)γrad
(1)γrad
(2)γradγ r
ad
[1
/p
s]
Gap [nm]
VeffV
ol
um
e
[n
m
3 ]
Gap [nm]
Veff,1
(2)
Veff,1
FIG. 3. Color online a Maximum field enhancement Fopt obtained at the
frequency of dipole mode, =1 with the optimal Au sphere sizes a1 ,a2
embedded in the GaN dielectric at the location of 0.5 nm from sphere 2 in a
range of gaps that separate the two spheres. Inset: ratio of mode energy of
sphere 2 l=1, . . . ,4 to that of the dipole mode of sphere 1, Ul
2 /U1
1
. b
Effective volume Vef f
Lens and radiative decay rate rad
Lens inset of the nanolens
system compared to those of the dipole mode of both spheres with their
optimal sizes.
153115-3 G. Sun and J. B. Khurgin Appl. Phys. Lett. 98, 153115 2011
Downloaded 29 Mar 2012 to 158.121.194.143. Redistribution subject to AIP license or copyright; see http://apl.aip.org/about/rights_and_permissions
